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ABSTRACT. Using the same method we provide negative answers to the
following questions: Is it possible to find real equations for complex poly-
nomials in two variables up to topological equivalence (Lee Rudolph)?
Can two topologically equivalent polynomials be connected by a contin-
uous family of topologically equivalent polynomials?

1. INTRODUCTION

Two polynomials f,g € Clz,y] are topologically equivalent, and we will
denote f ~ g, if there exist homeomorphisms ® : C2 — C? and ¥ : C — C
such that go® = Wo f. They are algebraically equivalent, and we will denote
f ~ g, if we have ® € Aut C? and ¥ = id.

It is always possible to find real equations for germs of plane curves up to
topological equivalence. In fact the proof is as follows: the topological type
of a germ of plane curve (C,0) is determined by the characteristic pairs of
the Puiseux expansions of the irreducible branches and by the intersection
multiplicities between these branches. Then we can choose the coefficients
of the Puiseux expansions in R (even in Z). Now it is possible (see [7],
appendix to chapter 1) to find a polynomial f € R[z,y| (even in Z[z,y])
such that the germ (f = 0,0) is equivalent to the germ (C, 0).

This property has been widely used by N. A’Campo and others (see [1] for
example) in the theory of divides. Lee Rudolph asked the question whether
it is true for polynomials [10]. We give a negative answer:

Theorem A. Up to topological equivalence it is not always possible to find
real equations for complex polynomials.

2.

We now deal with another problem. In [5] we proved that a family of
polynomials with some constant numerical data are all topologically equiva-
lent. More precisely for a polynomial let m = (p, #B,, A, #Bso, #1B) be the
multi-integer respectively composed of the affine Milnor number, the num-
ber of affine critical values, the Milnor number at infinity, the number of
critical values at infinity, the number of critical values (with B = B,p UB).
Then we have a global version of the Lé-Ramanujam p-constant theorem:
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Theorem ([5]). Let (fi)icpo,1) be a family of compler polynomials in two
variables whose coefficients are polynomials in t. Suppose that the multi-
integer m(t) and the degree deg f; do not depend on t € [0,1]. Then the
polynomials fo and f1 are topologically equivalent.

It is true that two topologically equivalent polynomials have the same
multi-integers m. A natural question is: can two topologically equivalent
polynomials be connected by a continuous family of topologically equivalent
polynomials ?

Theorem B. There exist two topologically equivalent polynomials fo, f1 that
cannot be connected by a family of equivalent polynomials. That means that
for each continuous family (fi)icpo,1) there exists a T €]0,1[ such that f; is
not topologically equivalent to fy.

It can be noticed that the answer is positive for algebraic equivalence.
Two algebraically equivalent polynomials can be connected by algebraically
equivalent polynomials since Aut C? is connected by Jung’s theorem.

Such kinds of problems have been studied by V. Kharlamov and V. Ku-
likov in [9] for cuspidal projective curves. They give two complex conjugate
projective curves that are not isotopic. The example with lowest degree
has degree 825. In [2], E. Artal, J. Carmona and L. Cogolludo give exam-
ples of projective curves C,C’ of degree 6 that have conjugate equations
in Q(v/2) but the pairs (P?,C) and (P?,C’) are not homeomorphic by an
orientation-preserving homeomorphism.

3.

The method used in this note is based on the relationship between topo-
logical and algebraic equivalence: we set a family (fs)sec of polynomials
such that (fs = 0) is a line arrangement in C2. One of the line depends on
a parameter s € C. There are enough lines in order that each polynomial
is algebraically essentially unique. Moreover every polynomial topologically
equivalent to fs is algebraic equivalent to a fy, where s’ may be different
from s.

For generic parameters the polynomials are topologically equivalent all
together and the function fs is a Morse function on C? \ f71(0). We choose
our counter-examples with non-generic parameters, for such an example f
is not a Morse function on C?\ f; 1(0). The fact that non-generic parameters
are finite enables us to prove the requested properties.

4. NON REALITY

Let
i (@, y) = ay(z —y)(y — 1)(z — sy).
Let k, k be the roots of s — s + 1.

Theorem A. There does not exist a polynomial g with real coefficients such
that g =~ fi.
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Let C = {0,1,k,k}. Then for s € C\ C, fs verifies u = 14, #B,y =
3 and By = @. By the connectivity of C \ C and the global version of
the p-constant theorem, two polynomials fs and fg, with s,s’ ¢ C, are
topologically equivalent.

The polynomials fr and fj verify u = 14, but #B,37 = 2. Then such a
polynomial is not topologically equivalent to a generic one f,, s ¢ C. In fact
for s ¢ C there are two non-zero critical fibers with one double point for
each one. For s = k or s = k, there is only one non-zero critical fiber with
an ordinary cusp.

Lemma 1. Lets,s’ € C. The polynomials fs and fy are algebraically equiv-
alent if and only if s=s" or s=1—¢'.

In particular the polynomials fi and f; are algebraically equivalent.

Proof. Let us suppose that fs and fs are algebraically equivalent. Then
we can suppose that there exists ® € Aut C? such that fy = f, o ®. Such
a ® must send the lines (z = 0),(y = 0) to two lines, then ® is linear:
®(z,y) = (ax + by,cx + dy). A calculus proves that ®(z,y) = (z,y) or
®(z,y) = (y—x,y) that istosay s=s" or s =1 — 5. O

Lemma 2. Fiz s € C and let f be a polynomial such that f ~ fs. There
exists s' such that f ~ fg.

Then lemma 1 implies that there are only two choices for s’, but s’ can
be different from s.

Proof. The curve f;1(0) contains the simply connected curve zy(z —y)(z —
sy), then the curve f~1(0) contains also a simply connected curve (with 4
components), by the generalization of Zaidenberg-Lin theorem (see [4]) this
simply connected curve is algebraically equivalent to zy(z—y)(z—s"y). Then
the polynomial f is algebraically equivalent to zy(z—y)(z—s'y)P(z,y). The
curve C defined by (P = 0) is homeomorphic to C and admits a polynomial
parameterization («(t), 5(t)) with a, 8 € C[t]. Since C does not intersect the
axe (y = 0), B is a constant polynomial; since C' intersects the axe (z = 0)
at one point « is monomial. An equation of P is now P(z,y) = y" — \. By
the irreducibility of C' and up to an homothety we get P(z,y) = y—1. That
is to say f is algebraically equivalent to f. O

5.

Let g € Clz, ], if g(z,y) = >_ a; ;z'y’ then we denote by g the polynomial
defined by g(z,y) = Y a;;z'y’. Then g = g if and only if all the coefficients
of g are real.

We prove theorem A. Let suppose that there exists a polynomial g such
that ¢ = g and g = f,. There exists s € C such that g ~ fs. Since f; has
only two critical values, g and fs have two critical values. Then s = k or
s=k (s =0 or s = 1 gives a polynomial with non-isolated singularities).
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As fi, ~ fz we can choose s = k. As a consequence we have ® € Aut C?
such that g = f o ®.
Let ® be ® = (p,q). Then g = pg(p—q)(¢—1)(p — kq). As g = g we have

{pa q,P—4q,9 — ]-7p - kQ} = {ﬁa Qaﬁ_ (jaq_ ]-aﬁ_ k(j}
Moreover by the configuration of the lines we have that g —1 =g — 1. So
g = q. Hence q € R[z,y]. So
{p.p—a.p—ka} ={p.p— 7,5~ ka}.

Let suppose that p #p. Then p=p—q or p=p — kq. So p — p equals —q
or —kq. But p — p has coefficients in iR, which is not the case of ¢ € R[z, ]
nor of kq. Then p = p. We have proved that ® = (p, q) has real coefficients.
From g = fro® we get § = fro®. So g = f; o ®. On the one hand
fr = go ® 1 and on the other hand fi=90 d 1 So fp = [z then k = k
which is false. It ends the proof.

We could have end in the following way: ® = (p, q) is in Aut C? with real
coefficients, then ®, considered as a real map, is in Aut R? (see [3, Theorem

2.1] for example). Then f; = go® ! with g, ®~! with real coefficients, then
fir has real coeflicients which provides the contradiction.

6. NON CONNECTIVITY

Let
fs(z,y) =2y(y —1)(z +y — 1)(z — sy).
Let C be the roots of

s(s—1)(s+1)(2565*4-7365°4-8255%4-7365+256 ) (2565 +-4485°4-7895%+-4485+256).

Then for s € C\C, f, verifies p = 14, #B,5 = 4 and B, = @. For s,5' ¢ C,
fs and fy are topologically equivalent. The roots of 256s* +448s3 + 78952 +
448s + 256 are of the form {k,k,1/k,1/k}. The polynomials f, and fj
verify u = 14, but #B,5 = 3. Then such a polynomial is not topologically
equivalent to a generic one fs, s ¢ C

Theorem B. The polynomials fi, and f;, are topologically equivalent and
it is not possible to find a continuous family (gt)te[o,l] such that go = f,
g1 = fz and g: = fi for all t € [0,1].

The polynomials f, and f; are topologically equivalent since we have the

formula f(z,9) = fr(z,y).
The two following lemmas are similar to lemmas 1 and 2.

Lemma 3. The polynomials fs and fy are algebraically equivalent if and
onlyif s=s" ors=1/s".

Lemma 4. Fiz s and let f be a polynomial such that f =~ fs. Then there
exists s' such that f ~ fg.
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7.

We now prove theorem B. Let us suppose that such a family (g¢) does
exist. Then by lemma 4 for each t € [0, 1] there exists s(t) € C such that
gt is algebraically equivalent to fy) (in fact there are two choices for s(t)).
We can suppose that there exists ®; € Aut C? such that fsty = gt © Pt

We now prove that the map ¢t — ®; can be chosen continuous, that is to
say the coefficients of the defining polynomials are continuous functions of
t. We write g; = A;B;G} such that Ag(z,y) = z, Bo(z,y) = y and the maps
t — A, t — By are continuous. So the automorphism ®; s defined by

o, (z,y) = (Ai(w,y), Bi(w,y)).

By the inverse local theorem with parameter ¢, we have that ¢t — ®; is a
continuous function. Then the map ¢t — fy;) is a continuous function, as
the composition of two continuous functions. As s(t) is a coefficient of the
polynomial f ), the map ¢ — s(t) is a continuous function.

As a conclusion we have a map t +— s(¢) which is continuous and such
that s(0) = k and s(1) = k. It implies that there exists 7 €]0,1[ such
that s(7) ¢ C. On the one hand g, is algebraically, hence topologically,
equivalent to fy-); on the other hand g, is topologically equivalent to fj
(by hypothesis). As s(7) ¢ C, fy(r) and fj. are not topologically equivalent
(because #B,g are different), it provides a contradiction.

8.

The calculus have been done with the help of SINGULAR, [8], and espe-
cially with author’s library critic described in [6].

This research has been done at the Centre de Recerca Matematica of
Barcelona and was supported by a Marie Curie Individual Fellowship of the
European Community (HPMF-CT-2001-01246).
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