
SOLUTIONS OF POLYNOMIAL EQUATIONS
IN SEVERAL VARIABLES

MODULO A PRIME POWER

ARNAUD BODIN AND CHRISTIAN DROUIN

Abstract. We explain how to obtain the set of solutions of a multivariate polynomial equation
modulo a power of a prime number. These solutions are determined by a tree, called the trunk,
which makes it possible to reconstruct all solutions. We apply these methods to determine the
number of solutions, without having to enumerate them. We also illustrate these techniques by
proving a simple case of Igusa’s theorem: the Poincaré series associated with a polynomial in
two separated variables is rational.

1. Introduction

1.1. Objectives

The main objective is to explain how to solve polynomial equations modulo an integer n:

(1) P (x1, . . . , xn) ≡ 0 (mod n).

The first step consists in applying the Chinese remainder theorem in order to reduce to the case
where the modulus is a power of a prime number. Indeed, if n = pe11 · · · perr , then the solutions
of (1) are the solutions of

(2) P (x1, . . . , xn) ≡ 0 (mod peii ) for all 1 ⩽ i ⩽ r.

In the remainder of the paper, we will consider only one of these equations, where p is a prime
number and e ⩾ 1:

(3) P (x1, . . . , xn) ≡ 0 (mod pe)

For e = 1, Z/pZ is a field; in one variable, the number of solutions of (3) is bounded by the
degree d of the polynomial, and in several variables by dpn−1 via the Schwartz–Zippel lemma.
The main difficulty we will encounter is that for e ⩾ 2, Z/peZ is not an integral domain, and
therefore, even in one variable, the number of solutions can be much larger than the degree.

The one-variable case, based on Schmidt and Stewart [15], was studied in detail by the authors
in [2]: it is explained there how to obtain and count all solutions of an equation P (x) ≡ 0

(mod pe) using a trunk, which makes it possible to compute the solution tree. One will also
find in that article many examples in one variable, useful to understand before studying the
multivariate case.

1.2. Solutions modulo pe

It is surprising that these notions generalize without difficulty to equations in several variables,
of course with some adaptations. We will thus define the notions of trunk, thickness, and tree-top
function (with respective notations Trunk, t, φ). All these notions are defined in Section 2. This
will allow us to make all solutions explicit; see Theorem 2.8.
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2 ARNAUD BODIN AND CHRISTIAN DROUIN

If one only wishes to count the solutions, without enumerating them one by one, here is a formula
(Theorem 4.1), which will be proved in Section 4.

Theorem 1.1. Let P ∈ Z[x1, . . . , xn]. The number Ne of solutions of the equation P (x1, . . . , xn) ≡
0 (mod pe) in (Z/peZ)n is:

Ne =
∑

(r,k)∈Trunk(P )
φ(r,k)−tk <e⩽φ(r,k)

pn(e−k).

1.3. The Poincaré series

Recall that Ne denotes the number of solutions of the equation P (x1, . . . , xn) ≡ 0 (mod pe).
The Poincaré series is the generating series:

S(T ) =
∑
e⩾0

Ne
T e

pne

(with N0 = 1).
The celebrated theorem of Igusa [12] asserts that this series is in fact a rational fraction in T . It
was originally a conjecture of Borewicz–Šafarevič [4]. Another proof was given by Denef (see for
instance [7], see also the survey [14]).
A recent work [6] establishes Igusa’s theorem in a very general framework, relying on a powerful
algorithmic approach. See also the thesis [5]. In the present article, we deliberately focus on the
special case of two variables, and more precisely on the situation of a separated polynomial of
the form F (x) +G(y), for which we present an explicit computation of the rational fraction.
In the case of a univariate polynomial, the detailed study of a tree, as well as the algorithm we use,
which we call the trunk algorithm or thickness algorithm, appears in Schmidt and Stewart [15], in
Zúñiga-Galindo [16], in Berthomieu, Lecerf and Quintin [1], and very explicitly in Kopp, Randall,
Rojas and Zhu [13], as well as in Dwivedi, Mittal and Saxena [8, 9, 10].
Computations of the Poincaré function in special cases have been treated by different methods,
for example, among others, by [11] and [3].
Most of the existing studies are technical and difficult. We propose to illustrate the techniques
developed here in order to give a simple proof of this result of Igusa in the special case of two
separated variables.

Theorem 1.2. Let p be a prime number. Let P (x, y) = F (x) + G(y) ∈ Z[x, y] be a separated
polynomial in two variables (n = 2). Then the Poincaré series is a rational fraction:

S(T ) =
∑
e⩾0

Ne
T e

p2e
∈ Q[T ].

Moreover, the expression as a rational fraction could be computed from the trunk; here we will
do so in practice only for certain special cases. Everything concerning Poincaré series and the
proof of this result is contained in Section 4 and the following sections.
In the appendix, we provide the detailed example of P (x, y) = x2 − y3 and of its solutions
modulo p. One finds there the computation of the trunk, of the Poincaré series, and of the
number of solutions of x2 − y3 ≡ 0 (mod pe).

2. The trunk

Fix a prime integer p. Let Z denote either the ring Z of integers or the ring Zp of p-adic
integers. Let P (x1, . . . , xn) be a polynomial in n ⩾ 1 variables with coefficients in Z. We write
x = (x1, . . . , xn).
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2.1. Thickness

Definition 2.1. The thickness of P (x) ∈ Z[x] at the point x0 ∈ Zn is the largest integer t such
that there exists Q(x) ∈ Z[x] satisfying:

P (x0 + px) = ptQ(x).

The polynomial Q(x) is then called the successor of P at x0.

The thickness t is positive if and only if x0 ∈ Zn is a solution of P (x) ≡ 0 (mod p).

Throughout the remainder of the article, we shall assume that P (x) is p-primitive (i.e., not all
coefficients are divisible by p). This can be done without loss of generality: indeed, if P (x) were
not p-primitive, we would write P (x) = pt0P0(x) where P0 is p-primitive. Anticipating what
follows, one would then assign the thickness t0 to the vertex (0, 0) of the trunk, and add the
value t0 to the definition of the tree-top function in order to ensure the validity of the statements.

2.2. Solution tree

Definition 2.2. The p-adic congruence tree Ωp is given by the vertices:

Ωp =
{
(x, e) | x ∈ (Z/peZ)n, e ⩾ 0

}
.

Two vertices (x, e) and (x′, e+ 1) are connected by an edge if and only if x′ ≡ x (mod pe), that
is, x′i ≡ xi (mod pe) for all i = 1, . . . , n.

In this way, we endow Ωp with a tree structure. The root is the vertex (0, 0). From each vertex
emanate exactly pn outgoing edges.

Remark 2.3. We sometimes use the natural identification of Z/mZ with J0,m− 1K. We denote
by k%m the remainder of the Euclidean division of k by m.
In the one-variable case (n = 1), a finite path in the p-adic congruence tree Ωp starting from
the root corresponds to the p-adic expansion of an integer N ∈ Z associated with the terminal
vertex:

N = a0 + a1p+ · · ·+ akp
k

where ai ∈ J0, p − 1K. The p possible values for ai correspond to the p outgoing edges from a
vertex. An infinite path in Ωp corresponds to a p-adic integer N ∈ Zp via its expansion:

N = a0 + a1p+ · · ·+ akp
k + · · ·

In the case of n variables, one works componentwise: a finite path in Ωp corresponds to (N1, . . . , Nn) ∈
Zn, and an infinite path to (N1, . . . , Nn) ∈ Zn

p .

Definition 2.4. The solution tree is defined by

Tree(P ) =
{
(x, e) ∈ Ωp | P (x) ≡ 0 (mod pe)

}
.

It is a (finite or infinite) subtree of Ωp containing the root.
We again refer to the exposition [2] for further explanations, examples, and figures.

2.3. Trunk

The trunk is a tree of Ωp that makes it possible to reconstruct the solution tree Tree(P ). It is in
fact a subtree of Tree(P ), which may also be finite or infinite, but is simpler in the sense that it
contains far fewer vertices.

Definition 2.5. The trunk of P (x) ∈ Z[x], denoted by Trunk(P ), is defined recursively as follows:
– Initialization. The root (0, 0) is an element of the trunk (this vertex has no thickness).

The polynomial attached to this vertex is P (x).
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– Heredity. Suppose that (r, k) is a vertex of the trunk attached to a polynomial Pk(x).
We construct the vertices of height k + 1 attached to this vertex. Consider the equation
Pk(x) ≡ 0 (mod p). For each of its solutions rk ∈ (Z/pZ)n, we compute the decompo-
sition associated with the thickness Pk(rk + px) = ptk+1Pk+1(x). Then (r+ pkrk, k + 1)

is a new element of the trunk. We associate to it the thickness tk+1 and the polynomial
Pk+1.

Thus, a vertex of the trunk at height k is defined by an element r = r0 + pr1 + · · ·+ pk−1rk−1,
where ri ∈ J0, p− 1Kn (1 ⩽ i ⩽ k − 1). The outgoing edges are associated with the solutions rk
of Pk(x) ≡ 0 (mod p). In what follows, we will essentially consider the trunk as a tree weighted
by a thickness at each vertex.

2.4. Tree-top function

Definition 2.6. Let (r, k) ∈ Trunk(P ). The tree-top function at this vertex is defined by:

φ(r, k) = t1 + · · ·+ tk

where t1, . . . , tk are the thicknesses of the vertices along the path connecting the vertex (r, k) to
the root (0, 0).

Lemma 2.7. There exists a decomposition:

P (r+ pkx) = pφ(r,k)Q(x)

where Q(x) ∈ Z[x].

Proof. Let r = r0+pr1+· · ·+pk−1rk−1 be the p-adic decomposition of r, obtained componentwise
for each of the n coordinates. We have P (r0 + px) = pt1P1(x), P1(r1 + px) = pt2P2(x), hence
P (r0 + pr1 + p2x) = pt1+t2P2(x), and the stated formula follows by induction. □

2.5. From the trunk to the tree

By definition:
(x0, e) ∈ Tree(P ) ⇐⇒ P (x0) ≡ 0 (mod pe).

Here is how to compute all solutions from the trunk; this is a multivariate generalization of [2]:

Theorem 2.8.

P (x0) ≡ 0 (mod pe) ⇐⇒ there exists (r, k) ∈ Trunk(P ) such that
{

x0 ≡ r (mod pk)

and φ(r, k) ⩾ e

Moreover, for a given solution x0, such a pair (r, k) is unique if we impose the condition:

φ(r, k)− tk < e ⩽ φ(r, k)

where tk is the thickness of the vertex (r, k).

Let us reformulate the first part of the theorem in graph-theoretic terms. We say that the fan
from a vertex (r, k) up to height h is the set of vertices of Ωp issued from the vertex (r, k) up to
height h:

Fan⩽h(r, k) =
{
(x, l) ∈ Ωp | x ≡ r (mod pk) and l ⩽ h

}
.

In graph-theoretic terms, Theorem 2.8 becomes:

Tree(P ) =
⋃

(r,k)∈Trunk(P )

Fan⩽φ(r,k)(r, k).

The uniqueness will in turn be fundamental when we want to count the number of solutions; see
Theorem 4.1.
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Proof. Let (x0, e) be an element of the p-adic congruence tree Ωp. Let (r, k) ∈ Trunk(P ) denote
the most recent ancestor of (x0, e) belonging to the trunk of P . The relation between x0 and r

is given by x0 = r+ pky0 (where y0 ∈ Zn).
By Lemma 2.7, since (r, k) is an element of the trunk, we know that there exists a decomposition:

P (r+ pkx) = pφ(r,k)Q(x)

where φ(r, k) is the value of the tree-top function.
The assumption that (r, k) ∈ Trunk(P ) is the most recent ancestor in the trunk means exactly
that Q(y0) ̸≡ 0 (mod p).
We now have all the ingredients to conclude the proof:

P (x0) ≡ 0 (mod pe) ⇐⇒ P (r+ pky0) ≡ 0 (mod pe)

⇐⇒ pφ(r,k)Q(y0) ≡ 0 (mod pe)

⇐⇒ φ(r, k) ⩾ e

The assumption Q(y0) ̸≡ 0 (mod p) is used in the last equivalence.
It remains to prove the uniqueness characterization. For the moment, from a vertex (r, k) of the
trunk, we have constructed a fan of solutions up to height φ(r, k).
But from (r−, k − 1) (the direct ancestor of (r, k)), we construct solutions only up to height
φ(r−, k− 1) = φ(r, k)− tk. Thus the solutions whose height e satisfies φ(r, k)− tk < e ⩽ φ(r, k)

are determined solely by the vertex (r, k) of the trunk. □

3. Properties of the thickness

3.1. Computation of the thickness

Let P (x) ∈ Z[x]. Recall that the thickness of P at r is the largest integer t such that one has
a decomposition P (r + px) = ptQ(x). We will use Taylor’s formula to compute the thickness.
Indeed, the Taylor expansion applied to P at r gives the decomposition:

P (r+ x) =
d∑

h=0

Ph(x),

where d is the degree of P and Ph(x) is a homogeneous polynomial of degree h:

Ph(x) =
1

h!
dhP (r)[x, . . . ,x] =

1

h!

∑
|i|=h

∂iP (r)xi.

We use the usual conventions for multi-indices: i = (i1, . . . , in), |i| = i1+ · · ·+ in, xi = xi11 · · ·xinn ,
and ∂iP (x) = ∂i1+···+inP

∂x
i1
1 ···∂xin

n

.

Lemma 3.1.

t = min
|i|⩾0

valp

(
1

|i|!
∂iP (r) p|i|

)
In particular t ⩽ degP .

Proof. The Taylor formula applied to P (r+ px) gives:

P (r+ px) =

d∑
h=0

Ph(x)p
h.

Let t denote the thickness and t′ the minimum appearing in the statement. Since pt divides
Ph(x)p

h for all 0 ⩽ h ⩽ d, we have t ⩽ t′. Conversely, pt′ divides all the coefficients of all the
polynomials Ph(x)p

h, hence pt
′ divides P (r+ px), so t ⩾ t′. □
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3.2. The thickness decreases along the trunk

With the notation of the decomposition P (r0 + px) = ptQ(x), we define the residual degree of
P at r0 as the integer s = degQ, where Q(x) denotes the reduction modulo p of Q(x).
We denote by mult(P , r0) the multiplicity of r0 as a root of P in (Z/pZ)n. If P (r0 + x) =∑d

h=0 Ph(x) is the decomposition into a sum of homogeneous polynomials, then this multiplicity
is the smallest integer h such that Ph(x) ̸≡ 0 (mod p).
Now consider two successive decompositions: P (r0 + px) = ptQ(x), followed by Q(r1 + px) =

pt
′
R(x).

Lemma 3.2.
mult(P , r0) ⩾ t ⩾ s ⩾ mult(Q, r1)

In particular, t ⩾ t′.

An important consequence is that since t ⩾ t′, the thickness decreases as one moves upward
along the trunk. Thus, along an infinite branch, the thickness eventually becomes constant.

Proof.
– Let P (r0 + x) =

∑d
h=0 Ph(x) be the decomposition into a sum of homogeneous polyno-

mials. If the thickness of P at r0 is t, then pt divides P (r0 + px), hence divides phPh(x)

for all h. In particular, for h < t, p divides Ph(x). Therefore mult(P , r0) ⩾ t.
– Since P (r0 + x) = ptQ(x), we have Q(x) =

∑d
h=0 p

h−tPh(x). Thus for h > t, p divides
ph−tPh(x). Hence degQ(x) ⩽ t, so s ⩽ t.

– We always have mult(Q, r1) ⩽ deg(Q) = s.
– Finally, by the very first inequality of this lemma, applied to Q(x), we have mult(Q, r1) ⩾
t′. Hence in particular t ⩾ t′.

□

3.3. Hensel’s lemma

We have already observed that a polynomial has positive thickness at r0 if and only if P (r0) ≡ 0

(mod p). We now study the case of thickness t = 1. According to Lemma 3.1, if t = 1 then:
– either p | P (r0) and p2 ̸ | P (r0),
– or p | P (r0) and there exists 1 ⩽ i0 ⩽ n such that p ̸ | ∂P

∂xi0
(r0).

Both cases may occur simultaneously.

Lemma 3.3. If t = 1 and all partial derivatives vanish: ∂P
∂xi

(r0) ≡ 0 (mod p) for 1 ⩽ i ⩽ n,
then the trunk stops immediately after this vertex of thickness 1.

Proof. By assumption, P (r0 + x) = c0 + terms of degree ⩾ 2, hence

P (r0 + px) = c0 + p2R(x).

We assumed t = 1, so p | c0 and p2 ̸ | c0. Thus

P (r0 + px) = p

(
c0
p

+ pR(x)

)
.

Therefore the successor of P is Q(x) = c0
p +pR(x). Since c0

p is not divisible by p, the congruence
Q(x) ≡ 0 (mod p) has no solutions, and hence the trunk stops at this point. □

In the case of thickness 1, when one of the partial derivatives does not vanish at r0, we say that
we are in the Hensel lemma situation. In this case as well, we obtain a complete description of
the trunk.

Definition 3.4. A Hensel tree is an infinite tree in which each vertex admits exactly pn−1

outgoing edges and where all thicknesses are equal to 1.
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Lemma 3.5. If P (r0) ≡ 0 (mod p) and there exists 1 ⩽ i ⩽ n such that ∂P
∂xi

(r0) ̸≡ 0 (mod p),
then the part of the trunk of P issued from r0 is a Hensel tree.

Proof. Without loss of generality, assume that ∂P
∂x1

(r0) ̸≡ 0 (mod p). Write P (r0 + x) = c0 +

c1x1 + c2x2 + · · ·+ cnxn + · · · . By Lemma 3.1, we know that r0 has thickness 1, which gives:

P (r0 + px) = p

(
c0
p

+ c1x1 + c2x2 + · · ·+ cnxn + pR(x)

)
.

The successor of P is therefore Q(x) = c0
p + c1x1 + c2x2 + · · · + cnxn + pR(x). Its reduction

modulo p is Q(x) = c0
p + c1x1+ c2x2+ · · ·+ cnxn, with c1 ̸≡ 0 (mod p) by assumption. Thus, for

any choice of x2, . . . , xn ∈ Z/pZ, there exists a unique x1 ∈ Z/pZ giving a solution to the linear
equation c0

p + c1x1 + c2x2 + · · · + cnxn ≡ 0 (mod p). Hence Q(x) ≡ 0 (mod p) admits exactly
pn−1 solutions.
Let r1 be such a solution. Since Q(r1) ≡ 0 (mod p), the thickness is at least 1. And since
∂Q
∂x1

(r0) ≡ c1 ̸≡ 0 (mod p), we have t = 1 and we are again in the situation of Hensel’s lemma.
The conclusion then follows by induction. □

4. The number of solutions

4.1. Formula

We recall the theorem stated in the introduction. We now have all the ingredients to prove it.

Theorem 4.1. The number of solutions to the equation P (x) ≡ 0 (mod pe) in (Z/peZ)n is:

Ne =
∑

(r,k)∈Trunk(P )
φ(r,k)−tk <e⩽φ(r,k)

pn(e−k).

Proof. Theorem 2.8 tells us that each vertex (r, k) of the trunk provides, in a unique way,
the solutions (x0, e) of P (x) ≡ 0 (mod pe) if and only if (x0, e) is a successor of (r, k) and
φ(r, k)− tk < e ⩽ φ(r, k).
Therefore, the number of solutions arising from the fan of (r, k) with height exactly e is (pn)e−k.
This yields the desired formula. □

4.2. Generating function

Definition 4.2. The Poincaré series is:

S(T ) =
∑
e⩾0

Ne
T e

pne
,

where Ne denotes the number of solutions to the equation P (x) ≡ 0 (mod pe) (with the conven-
tion that N0 = 1). We recall that n is the number of variables.

4.3. Formula from the trunk

We will use Theorem 4.1 in order to compute the Poincaré series directly from the trunk.

Theorem 4.3.

S(T ) =
∑

(r,k)∈Trunk(P )

Tφ(r,k)−tk+1

pnk
(
1 + T + T 2 + · · ·+ T tk−1

)
We define

Ξk(T ) =
Tφ(r,k)−tk+1

pnk
(
1 + T + T 2 + · · ·+ T tk−1

)
.
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These functions of T are called xylon functions, and the proposition will be called the xylon
formula :

S(T ) =
∑

(r,k)∈Trunk(P )

Ξk(T ).

Remarks. By convention, the contribution of the root of the trunk is Ξ0(T ) = 1. On the other
hand, if tk = 1, then the sum 1 + T + T 2 + · · ·+ T tk−1 reduces to 1.

Proof. To simplify the notation, we write t = tk and φ = φ(r, k). We reorganize the sum S(T )

using Theorem 4.1:

S(T ) =
∑
e⩾0

Ne
T e

pne

=
∑
e⩾0

∑
(r,k)∈Trunk(P )

φ−t<e⩽φ

pn(e−k) T
e

pne

=
∑

(r,k)∈Trunk(P )

∑
φ−t<e⩽φ

T e

pnk

=
∑

(r,k)∈Trunk(P )

1

pnk
(
Tφ−t+1 + Tφ−t+2 + · · ·+ Tφ

)
=

∑
(r,k)∈Trunk(P )

Tφ−t+1

pnk
(
1 + T + T 2 + · · ·+ T t−1

)
□

We now give an application of the xylon formula to two particular cases.

4.4. Infinite stalk of constant thickness

Lemma 4.4. The generating series associated with an infinite stalk of constant thickness t = u

issued from the root is a rational fraction:

S(T ) = 1 +
(
1 + T + T 2 + · · ·+ T u−1

) T
pn

(
1− T u

pn

)−1

∈ Q[T ]

Proof. By definition, at each height k there is a unique vertex whose thickness equals t = u.
Then the tree-top function at height k equals φk = ku. Thus:

S(T ) =
∑
k⩾0

Ξk(T )

= 1 +
∑
k>0

T (k−1)u+1

pnk
(
1 + T + T 2 + · · ·+ T u−1

)
= 1 +

(
1 + T + T 2 + · · ·+ T u−1

)∑
k⩾0

T ku+1

pnk+n

= 1 +
(
1 + T + T 2 + · · ·+ T u−1

)∑
k⩾0

T

pn

(
T u

pn

)k

= 1 +
(
1 + T + T 2 + · · ·+ T u−1

) T
pn

(
1− T u

pn

)−1

□
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4.5. The Hensel lemma case

A Hensel tree is an infinite tree in which each vertex has exactly pn−1 outgoing edges, all vertices
having thickness 1.

Lemma 4.5. The generating series associated with a Hensel tree is a rational fraction:

S(T ) =

(
1− T

p

)−1

∈ Q[T ]

Proof. For a given height k, there are (pn−1)k vertices. Each vertex of height k has tree-top value
φk = k and its contribution to the sum is Ξk(T ) =

Tk

pnk . Thus:

S(T ) =
∑
k>0

p(n−1)kΞk(T ) = 1 +
∑
k>0

p(n−1)k T
k

pnk
=
∑
k⩾0

(
T

p

)k

=

(
1− T

p

)−1

□

For a Hensel tree that would not be attached to the root but to a vertex of height k0 and with
tree-top value φ0, one would similarly show:

Sk0,φ0(T ) =
Tφ0

pnk0

(
1− T

p

)−1

.

5. Normalization

The purpose of this section is to provide preparatory results and to reduce to the simplest
possible form of the bivariate polynomials to be studied. We will consider only non-degenerate
polynomials, that is, degx P ⩾ 1 and degy P ⩾ 1.

5.1. The trunk is invariant under translation

Lemma 5.1. Let P (x, y) ∈ Zp[x, y] and α, β ∈ Zp. Define Q(x, y) ∈ Zp[x, y] by Q(x, y) =

P (x−α, y−β). Then the trunks of P and Q are isomorphic (i.e. there exists a bijection between
these trees that preserves the thicknesses).

Corollary 5.2. For an infinite stalk of a trunk, one may assume after translation that it lies
above the roots (0, 0) at all heights.

Proof. Isomorphism between the roots of P and Q modulo p. Let (r, s) ∈ (Z/pZ)2 be a root of P
modulo p:

P (r, s) ≡ 0 (mod p) ⇐⇒ Q(r + α, s+ β) ≡ 0 (mod p) ⇐⇒ Q(r + α0, s+ β0) ≡ 0 (mod p)

where we write α = α0 + α1p+ α2p
2 + · · · = α0 + pα′, and similarly for β. Thus:

(r, s) is a root of P (x, y) modulo p ⇐⇒ (r′, s′) = (r + α0, s+ β0) is a root of Q(x, y) modulo p

Preservation of thicknesses. Let (r, s) be a root of thickness t for P :

P (r + px, s+ py) = ptP̃ (x, y)

⇐⇒ Q(r + α+ px, s+ β + py) = ptP̃ (x, y)

⇐⇒ Q(r + α0 + p(x+ α′), s+ β0 + p(y + β′)) = ptP̃ (x, y)

⇐⇒ Q(r′ + pX, s′ + pY ) = ptP̃ (X − α′, Y − β′) with X = x+ α′, Y = y + β′

⇐⇒ Q(r′ + pX, s′ + pY ) = ptQ̃(X,Y )

where we have defined Q̃(X,Y ) = P̃ (X − α′, Y − β′). Thus Q also has thickness t at the root
(r′, s′).
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Conclusion. We have just shown that the successor Q̃(X,Y ) = P̃ (X − α′, Y − β′) is itself a
translate of the successor P̃ (X,Y ). By induction, moving up along the tree, this proves the
result for all vertices. □

5.2. Normalization

We consider a polynomial P (x, y) associated with an infinite stalk of constant thickness ⩾ 2. We
wish to find a simple expression for P (x, y). The guiding idea is the following: if a univariate
polynomial F (x) admits an infinite stalk of constant thickness equal to u at the root 0, then one
can factor F (x) in the form F (x) = xuU(x).

Lemma 5.3.
(1) If P (x, y) = F (x) + G(y) (with p ̸ | P (x, y)) admits an infinite stalk whose every vertex

has thickness ⩾ u at the root (0, 0), then, up to the symmetry (x, y) ↔ (y, x),

P (x, y) = xuU(x) + pαyvV (y)

with α ⩾ 0, v ⩾ u, and U(x) ∈ Zp[x], V (y) ∈ Zp[y].
(2) Let K ⩾ 0. Let U(x) =

∑
i uix

i and V (y) =
∑

j vjy
j. By going sufficiently high on

the stalk of the roots (0, 0), which we shall call the principal stalk, one may assume that
U(x) ≡ u0 (mod pK) and V (y) ≡ v0 (mod pK).

(3) If moreover the stalk has constant thickness u, then U(0) ̸≡ 0 (mod p). At a sufficiently
large level along the stalk, one can also place oneself in a situation where, in addition,
V (0) ̸≡ 0 (mod p) (by modifying the parameters α, v, and the polynomial V (y)).

Thus, thanks to Lemma 5.1, if one had an infinite stalk whose limit vertex at infinity is (ρ, σ) ∈
Z2
p, then the decomposition would be:

P (x, y) = (x− ρ)uU(x) + pα(y − σ)vV (y).

Proof.
(1) We first show that P (0, 0) = 0. Let c00 denote the constant coefficient of P (x, y). Since

pu divides P (px, py), it follows that pu divides c00. By iteration, pku divides the k-th
iterate P (pkx, pky), and hence also divides c00. This holds for all k, therefore c00 = 0. By
hypothesis P (x, y) = F (x) + G(y), and we may thus assume without loss of generality
that F (0) = 0 and G(0) = 0.

If (0, 0) has thickness t ⩾ u for P (x, y), then pu | F (px) + G(py). Since F (0) = 0

and G(0) = 0, it follows that pu | F (px) and pu | G(py). Write F (x) = pβ
∑

i aix
i and

G(y) = pα
∑

i biy
i, with a0 = 0 and b0 = 0. Since p does not divide P (x, y), we may

assume β = 0.
After k iterations, pku divides F (pkx), hence pku divides F (pkx) =

∑
i aip

kixi, and
similarly pku divides G(pky) = pα

∑
i bip

kiyi. Thus pku divides aip
ki and bip

α+ki for all
i ⩾ 0. Letting k tend to infinity, we obtain ai = 0 and bi = 0 for i = 0, . . . , u− 1. Thus
F (x) = xuU(x) and G(y) = pαyvV (y) with v ⩾ u.

(2) We have F (x) = xuU(x) = xu(u0 + u1x + u2x
2 + · · · ). We compute F (px) to obtain

the successor: F1(x) = xu(u0 + u1px+ u2p
2x2 + · · · ). After m iterations, pm divides the

coefficients of x, x2, . . . . The proof is similar for V (y).
(3) We have seen that P (x, y) = xuU(x) + pαyvV (y), with v ⩾ u. First observe that if

U(0) ≡ 0 (mod p), then by the univariate trunk algorithm we have U(x) = xu
′
Ũ(x) with

u′ > u. In the cases v > u or α > 0, this is excluded, since it would give a thickness of
P (x, y) at (0, 0) strictly larger than u. In these cases we therefore have U(0) ̸≡ 0 (mod p).
In the remaining case we have P (x, y) = xuU(x) + yuV (y) with U(0) ≡ 0 (mod p). We
cannot also have V (0) ≡ 0 (mod p), since this would imply V (y) = yv

′
Ṽ (y) and again

a thickness of P (x, y) at (0, 0) strictly larger than u. Thus we have U(0) ̸≡ 0 (mod p)
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or V (0) ̸≡ 0 (mod p). By possibly exchanging the variables, we may assume U(0) ̸≡ 0

(mod p).
We now start again from P (x, y) = xuU(x) + pαyvV (y) with v ⩾ u. Applying the

one-variable thickness algorithm to V (y) along the principal stalk, the thickness becomes
constant (possibly zero) from some height e onward. Thus, by applying in one variable the
reasoning we have just carried out, we obtain Ve(y) = ywW (y) with W (0) ̸≡ 0 (mod p).
At height e, we have Pe(x, y) = xuUe(x) + pα

′
yvVe(y), hence Pe(x, y) = xuUe(x) +

pα
′
yv+wW (y), with W (0) ̸≡ 0 (mod p), which is consistent with the final conclusion of

the lemma.
□

5.3. Finiteness of infinite stalks

Lemma 5.4. The number of infinite stalks issued from the root of the trunk, whose vertices all
have thickness t ⩾ 2, is finite.

As an immediate consequence, the number of stalks of constant thickness ⩾ 2 (issued from any
vertex of the trunk) is finite.

Proof. First note that the thickness of a vertex is bounded above by the degree of the polynomial,
and hence can take only finitely many values. Let P (x, y) denote the polynomial, and let (ρi, σi) ∈
Z2
p be the vertices at infinity of the infinite stalks. By Lemmas 5.1 and 5.3, after normalization

we have (with t = ui)

P (x, y) = (x− ρi)
uiUi(x) + pαi(y − σi)

viVi(y)

for each i. By identification, we have (x−ρi)
uiUi(x) = (x−ρ1)

u1U1(x)+ci (where ci is a constant).
Since ui ⩾ 2, differentiation shows that ρi is a root of the fixed polynomial d

dx(x − ρ1)
u1U1(x),

and hence can take only finitely many values. The same argument applies to the σi. Thus the set
of (ρi, σi) is finite, and therefore only finitely many stalks issue from the root of the trunk. □

6. The generating function is rational

In this section we prove Theorem 1.2: the Poincaré series of a separated polynomial in two
variables is rational. The idea is to establish this result for certain model polynomials, as we
began to do at the end of Section 4. This time, starting from an arbitrary polynomial, we
decompose its trunk into a finite number of pieces, each of which is either finite or isomorphic
to the trunk of a model polynomial. From explicit computations for each piece, we will deduce
that the Poincaré series for the polynomial under consideration is a rational function, which is
precisely Igusa’s result.
If P is degenerate, that is, if for instance P (x, y) = R(x) with R ∈ Zp[X], then the trunk of
P (x, y) is easily deduced from that of R(x), and the Poincaré series of P (x, y) coincides with
that of R(x). It follows from the study of the univariate case in [2], using the same arguments
as in the present paper, that the Poincaré series of R(x) (and hence that of P (x, y)) is rational.
In this case, one recovers Igusa’s result. Consequently, in the sequel, we assume that P (x, y)

actually depends on both x and y.

6.1. Reduction of the proof of rationality to the normalized case sufficiently far along
an infinite stalk.

We work under the assumptions of Theorem 1.2. The idea is to establish the result first for certain
model polynomials, as we began to do at the end of Section 5. We now proceed as follows: starting
from an arbitrary polynomial, we decompose its trunk into finitely many pieces, each of which
is either finite or isomorphic to the trunk of a model polynomial. From explicit computations
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on each piece, we then deduce that the Poincaré series associated with the polynomial under
consideration is a rational function, thereby recovering Igusa’s result.
If the trunk of the polynomial P (x, y) is finite, then by Theorem 4.3, the Poincaré series S(T )

is a polynomial, which proves the desired result in this case. If the trunk is infinite, then by
Lemma 5.4, there exist only finitely many (maximal) infinite stalks of constant thickness ⩾ 2.
By cutting these constant-thickness stalks high enough up and keeping only the vertices above
a certain level, we may assume they are independent, meaning that no ancestor of a vertex in
one stalk belongs to another stalk. Let Σi be such a stalk. For each such stalk Σ′

i, we denote by
Ti the part of the trunk of P attached to it, that is, the set of vertices of Trunk(P ) having an
ancestor in Σ′

i.
The main task of this section is to prove that the contribution of each Ti to the series S(T ) is
rational. We denote by T′ the trunk of P with all the Ti removed.
There may exist infinitely many stalks (infinite paths) of thickness 1. However, we saw in
Section 3.3 that for a vertex of thickness 1, either it is a terminal vertex (the trunk stops there),
or a Hensel tree is attached to it (which indeed produces infinitely many stalks of thickness 1).
And we know that a Hensel tree contributes a rational fraction (Lemma 4.5, see also the end of
Section 6.8).
Let T′′ denote the tree obtained by removing from T′ all Hensel trees. Such a tree is finite
(otherwise, by König’s lemma, it would contain an infinite stalk of thickness 1 or ⩾ 2, both of
which have been removed by construction). Since T′′ is finite, only finitely many Hensel trees
can be attached to it, and their total contribution is therefore a rational series. (Warning: as
we shall see in the case of infinite stalks of thickness ⩾ 2, infinitely many Hensel trees may be
attached to such a stalk, but these stalks are by definition excluded from the tree T′.)

We therefore consider an infinite stalk of constant thickness ⩾ 2 (among finitely many possible
ones, see Lemma 5.4) issued from a vertex s0 of height k0 and with tree-top value φ0. We denote
by P0(x, y) the polynomial attached to the root of this stalk; it is again a separated polynomial.
We consider two series:

– the Poincaré series S|(T ) associated with the original polynomial P (x, y) and with the
part of the trunk issued from the vertex s0;

– the Poincaré series S0(T ) associated with the polynomial P0(x, y) (that is, we now con-
sider s0 as the root of the trunk).

Then the xylon formula 4.3 gives the relation S|(T ) =
Tφ0

p2k0
S0(T ) (see also the remark following

Lemma 4.5). It therefore suffices to prove the rationality of S0(T ).
Still considering the case of an infinite stalk of constant thickness ⩾ 2, we use the results of
Section 5 to reduce to a simple form of P0(x, y). More precisely, we work under the conclusions
of Lemma 5.3:

P0(x, y) = xuU(x) + pαyvV (y).

We may even, without loss of generality and still by Lemma 5.3, consider the polynomial suffi-
ciently high on the stalk, and thus assume that

U(x) ≡ u0 (mod pm), V (y) ≡ v0 (mod pm),

with m an arbitrarily large integer and u0 ̸≡ 0 (mod p), v0 ̸≡ 0 (mod p). We will even see that
we can further reduce to Q0(x, y) = u0x

u+pαv0y
v. It is for these polynomials that we will carry

out the computations of the Poincaré series.

6.2. Normalized case

Proposition 6.1. The series S(T ) associated with Q0(x, y) = u0x
u + pαv0y

v is rational (where
u0 ̸≡ 0 (mod p), v0 ̸≡ 0 (mod p) and 1 < u ⩽ v).
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The trunk associated with P0(x, y) = xuU(x) + pαyvV (y) (with α ⩾ 0, 1 < u ⩽ v, U(x) =

u0 + u1x+ · · · , V (y) = v0 + v1y+ · · · ∈ Zp[y], and u0 ̸≡ 0 (mod p), v0 ̸≡ 0 (mod p), and for all
i ⩾ 1, ui ≡ 0 (mod pm), vi ≡ 0 (mod pm) with m = valp(u) + 2) is identical to that of Q0(x, y).
In particular, the same sum S(T ) is associated with it and is therefore rational.
Moreover, the denominators of this series in Q(T ) are among:

p− T, p2 − T u, p2u − T u2
, pu+v − T uv.

The remainder of this section is devoted to the proof. Our proof is explicit: we partition the
trunk into a finite number of subtrees, and for each such subtree we give the exact expression
of the associated rational series. Since the formulas are tedious, we do not give the explicit
expression of the final series. However, a complete example will be worked out in the Appendix.

6.3. Description of the trunk after leaving the principal stalk

We begin with the general case P0(x, y) = xuU(x) + pαyvV (y). The root (0, 0) gives rise to an
infinite stalk of constant thickness t = u, called the principal stalk. The k-th successor of P0 is

Pk(x, y) = xuU(pkx) + pα+k(v−u)yvV (pky),

which has a form similar to that of P0. The contribution of this stalk to the sum S(T ) is rational
by Lemma 4.4.

6.4. The case α > 0

We first reduce the case α > 0 by Euclidean division to one of the two cases 0 < α < u or α = 0.
We then treat these two situations.
The reduction modulo p of P0 is P̄0(x, y) = u0x

u, whose roots are of the form (0, s0). We have
already studied the case s0 = 0 above, so we assume s0 ̸≡ 0 (mod p). At such a root (0, s0), we
have

P0(0 + px, s0 + py) = puxuU(px) + pα(s0 + py)vV (s0 + py).

The constant term of (s0 + py)vV (s0 + py) is ṽ0 = v0s
v
0.

Case α ⩾ u. When α ⩾ u, each root (0, s0) has thickness u, and the successor of P0 is:

P1(x, y) = xuU(px) + pα−u(s0 + py)vV (s0 + py).

As long as the exponent of p is ⩾ u, we continue this process, the k-th successor being:

Pk(x, y) = xuUk(x) + pα−ku(s0 + s1p+ · · ·+ sk−1p
k−1 + pky)vVk(y),

where Uk(x) = U(pkx) and Vk(y) = V (s0+s1p+ · · ·+sk−1p
k−1+pky). We still have Uk(x) ≡ u0

(mod pm) and Vk(y) ≡ v0 (mod pm).
Thus we obtain ⌊αu ⌋ iterations, leading to a tree that splits at the first step into p − 1 vertices,
and then splits in cascade, each vertex thereafter having p children, over a total height of ⌊αu ⌋,
with vertices all having thickness equal to u. (For the initial vertex there is one omitted edge,
since it is already counted in the stalk above (0, 0).)
By Euclidean division, we are thus reduced to the case 0 < α′ < u or to the case α′ = 0, where
α′ is the remainder of the Euclidean division of α by u.

Case 0 < α′ < u.
Let us restart from

Pk(x, y) = xuUk(x) + pα
′
(s0 + s1p+ · · ·+ sk−1p

k−1 + pky)vVk(y)

with 0 < α′ < u. A root (0, sk) has thickness t = α′, and the successor is:

Pk+1(x, y) = pu−α′
xuUk(px) + (s0 + s1p+ · · ·+ skp

k + pk+1y)vVk(sk + py).
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Thus P̄k+1(x, y) ≡ sv0v0 ≡ ṽ0 ̸≡ 0 (mod p). Hence P̄k+1 has no root modulo p, and this branch
terminates.

Writing U(x) = u0+u1x+ · · · and V (y) = v0+ v1y+ · · · , one sees, upon repeating the previous
computations, that they do not depend on the coefficients u1, u2, . . . or v1, v2, . . .. Thus the trunk
for P0 is identical to that of Q0 = u0x

u + pαv0y
v.

Summary: in the case where u does not divide α, the trunk consists of a tree that first has p− 1

branches, which then split into p branches, then again into p branches, and so on, for a total of
⌊αu ⌋ steps, always with thickness u. Then there is a final splitting into p branches, with terminal
vertices of thickness α′ = α%u (the remainder of the Euclidean division of α by u).

It remains to consider the case where u divides α. As we have seen, this situation reduces to
the case α = 0, which we now study. Beforehand, we prove a few results on valuations in the
binomial expansion of Newton.

6.5. Valuations of the binomial coefficients

Lemma 6.2. Let p be a prime number.

(1) If k ⩾ 1, then valp(k!) ⩽ k − 1.
(2) If 1 ⩽ k ⩽ n, then valp

(
n
k

)
⩾ valp(n) + 1− k.

(3) If 2 ⩽ k ⩽ n, then valp
[
k
(
n
k

)]
⩾ valp(n) + 2− k.

(4) Let l ⩾ 1, n ⩾ 1, and let s be an integer not divisible by p. Denote by Ck the coefficient
of xk in the expansion of (s+ plx)n. Then for k ⩾ 1, one has valp(Ck) ⩾ valp(C1).

Proof. (1) By Legendre’s formula,

valp(k!) =

⌊
k

p

⌋
+

⌊
k

p2

⌋
+ · · ·

In particular,

valp(k!) ⩽ val2(k!) =
∑
j⩾1

⌊
k

2j

⌋
<
∑
j⩾1

k

2j
= k,

the second inequality being strict since the terms
⌊

k
2j

⌋
vanish from some index onward.

Thus valp(k!) ⩽ k − 1.
(2) The integer

(
n
k

)
is the quotient of n(n− 1) · · · (n− k+1) by k!. It follows that valp

(
n
k

)
⩾

valp(n)− valp(k!). Thus, by the first property, valp
(
n
k

)
⩾ valp(n) + 1− k.

(3) Since k
(
n
k

)
= n

(
n−1
k−1

)
, we have:

valp

[
k

(
n

k

)]
= valp

[
n

(
n− 1

k − 1

)]
= valp(n) + valp

(
n− 1

k − 1

)
⩾ valp(n) +

(
valp(n− 1) + 1− (k − 1)

)
⩾ valp(n) + 2− k,

where we used the inequality from the previous point, applied to
(
n−1
k−1

)
.

(4) We have valp(C1) = valp(ns
n−1pl) = valp(n) + l, whereas valp(Ck) = valp(

(
n
k

)
sn−kplk).

By the second point,

valp(Ck) ⩾
(
valp(n) + 1− k

)
+ lk = valp(C1) + (k − 1)(l − 1) ⩾ valp(C1).

□
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6.6. Case α = 0

We resume the notation of Section 6.4, now with α = 0:

Pk(x, y) = xuUk(x) + (s0 + s1p+ · · ·+ sk−1p
k−1 + pky)vVk(y),

where Uk(x) ≡ u0 (mod pm) and Vk(y) ≡ v0 (mod pm). This formula is valid for k = 0, in which
case we simply have P0(x, y) = xuU(x) + yvV (y). If Pk has no root modulo p, then the trunk
ends at that vertex. Otherwise, let (rk, sk) be a root of Pk modulo p. Modulo pm we have:

Pk(rk + px, sk + py) ≡ u0(rk + px)u + v0(s0 + s1p+ · · ·+ skp
k + pk+1y)v (mod pm).

We set r = rk, s = s0 + s1p+ · · ·+ skp
k, and l = k + 1 in order to write more simply:

Pk(rk + px, sk + py) ≡ u0(r + px)u + v0(s+ ply)v (mod pm).

Thus:

Pk(rk + px, sk + py) ≡ u0(r + px)u + v0(s+ ply)v (mod pm)

≡ u0r
u + v0s

v

+ u0ur
u−1px+ u0

(
u

2

)
ru−2p2x2 + · · ·

+ v0vs
v−1ply + v0

(
v

2

)
rv−2p2ly2 + · · · (mod pm).

Let β = valp(u0r
u + v0s

v) and γ = min(valp(pu), valp(vp
l)). Note that by Lemma 6.2, the

valuations of the coefficients of x2, x3, . . . , y2, y3, . . . are greater than or equal to γ. We
will see that the thickness of the root (rk, sk) equals t = min(β, γ). Thus, by definition of γ,
this thickness is less than or equal to u + 1, hence strictly less than m, which justifies that all
computations may be carried out modulo pm.

First case: β < γ. Note that β > 0, since by definition (rk, sk) is a root of Pk modulo p. Assume
now that 0 < β < γ. We prove that in this case the vertex (rk, sk) has thickness β and has no
successor in the trunk (i.e. the trunk terminates there). Since 0 < β < γ, the thickness of the
root (rk, sk) equals β. Thus:

Pk+1(x, y) =
1

pβ
Pk(rk + px, sk + py) =

u0r
u + v0s

v

pβ
+ pR(x, y).

Indeed, all coefficients of u0uru−1px+ · · ·+ v0vs
v−1ply + · · · are divisible by pγ , hence by pβ+1.

Thus the reduction modulo p of Pk+1 is reduced to a constant polynomial:

P k+1(x, y) ≡
u0r

u + v0s
v

pβ
(mod p).

By definition of β, this constant is nonzero modulo p. Hence Pk+1 has no roots modulo p, and
therefore the trunk stops here.

Second case: β ⩾ γ. We prove that in this case, a Hensel tree arises from each of the possible
roots (rk+1, sk+1) succeeding (rk, sk).
Since β ⩾ γ, the thickness of the root (rk, sk) now equals γ. Thus the successor of Pk at (rk, sk)
can be written as:

Pk+1(x, y) ≡
1

pγ
(u0r

u + v0s
v)

+
1

pγ
(u0ur

u−1p)x+
1

pγ
(u0

(
u

2

)
ru−2p2)x2 + · · ·

+
1

pγ
(v0vs

v−1pl)y +
1

pγ
(v0

(
v

2

)
sv−2p2l)y2 + · · · (mod pm−γ).
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We write this as:

Pk+1(x, y) =
1

pγ
(u0r

u + v0s
v)

+ c1x+ c2x
2 + · · ·

+ d1y + d2y
2 + · · · .

Recall that γ = min(valp(pu), valp(vp
l)). Assume γ = valp(vp

l); then d1 ̸≡ 0 (mod p). Let us
compute ∂Pk+1

∂y (x, y). The constant coefficient of this partial derivative is d1. The coefficient of
yj−1 in this partial derivative is:

jdj = jv0

(
v

j

)
rv−jpjl.

By Lemma 6.2:

valp(jdj) = valp

(
j

(
v

j

))
+ jl

⩾ (valp(v) + 2− j) + jl

⩾ (valp(v) + l) + 1 + (j − 1)(l − 1)

> γ.

Thus ∂Pk+1

∂y (x, y) = d1 + pR(y). Let (rk+1, sk+1) be a solution of Pk+1(x, y) ≡ 0 (mod p).

Still modulo p, we have ∂Pk+1

∂y (x, y) ≡ d1 ̸≡ 0 (mod p), in particular at (x, y) = (rk+1, sk+1).
Therefore the thickness of (rk+1, sk+1) is exactly t = 1, and we are in the situation of Hensel’s
lemma.
If γ = valp(pu), then c1 ̸≡ 0 (mod p). A very similar computation (taking l = 1) gives
∂Pk+1

∂x (x, y) ≡ c1 ̸≡ 0 (mod p), and we are again in the situation of Hensel’s lemma.

6.7. General structure of the outgoing branches

To prove the rationality of the sum S(T ), the trunk must have a particular structure. We will
see that when one moves up along the principal stalk, that is, above the roots (0, 0), the branches
attached to it form patterns that are roughly periodic, above a certain height.
We set A0(x, y) = P0(x, y) = xuU(x) + pαyvV (y). Let k > 0 be a multiple of u; we denote by
B0(x, y) = Pk(x, y) the k-th successor of P0 along the stalk (0, 0):

B0(x, y) = Pk(x, y) = xuU(pkx) + pα+k(v−u)yvV (pky).

In this subsection, we assume that v−u > 0, so that the quantity α+k(v−u) becomes arbitrarily
large as k → ∞. We will see later that the case v = u is much simpler.
The polynomial B0 is similar to A0, where the exponent αk = α + k(v − u) changes, but the
exponents u and v, and the constant coefficients u0 and v0, do not. Now, the computations
in the previous paragraphs depend mainly on these data αk, u, v, u0, v0. We must now show
that, above a certain height, the outgoing branch from the principal stalk for A0 (at height 0)
is similar to the outgoing branch for B0 (at height k). According to the computations in the
previous paragraphs, the branch leaving a height k begins with branches of thickness t = u, of
length ⌊αk

u ⌋, which therefore becomes longer and longer as k grows. Note that since we choose
here k to be a multiple of u, we have⌊αk

u

⌋
=
⌊α
u

⌋
+

k

u
(v − u).

We now show that apart from this difference in branch length, what is attached afterwards is
identical at height 0 and at height k.
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If α is not a multiple of u, then at the end of the stalk for A0 a vertex of thickness α%u is
attached (see Section 6.4). In this case αk is also not a multiple of u, and since αk%u = α%u,
at the end of the stalk for B0 a vertex of thickness α%u is also attached.
Now consider the case where α, and hence also αk, are multiples of u. This corresponds to
the situation of Section 6.6, whose notation we reuse. We denote by Ai and Bi the respective
successors of A0 and B0 along their outgoing branch, corresponding to the same choices of the
roots s0, s1, . . . , si−1 for both polynomials. Let Am and Bn be the successors corresponding to
the exponent α′ = 0 (with m = ⌊αu ⌋ < n = ⌊αk

u ⌋), that is, to the last vertex of thickness u on
the stalk.
For the subsequent reasoning, it will suffice to study the highest part of the stalk. Consequently,
we assume that α is sufficiently large so that the inequality valp(vp

m+1) ⩾ valp(pu) holds, where
m =

⌊
α
u

⌋
. We therefore obtain γ(Am) = valp(pu) = valp(u) + 1. Moreover, since n > m, we also

have valp(vp
n+1) ⩾ valp(pu), and hence γ(Bm) = valp(u) + 1. Therefore γ(Bn) = γ(Am), which

we simply denote by γ. Next, note that the roots of Am modulo p and those of Bn modulo p are
the solutions of the same equation u0x

u + v0s
v
0 ≡ 0 (mod p). Choose (ρ, σ) to be such a root.

In the “α′ = 0” situation, the point is to compare the value of β with γ. Let

C = u0ρ
u + v0(s0 + s1p+ · · ·+ sm−1p

m−1 + σpm)v,

so that β(Am) = valp(C). Also let

C ′ = u0ρ
u + v0(s0 + s1p+ · · ·+ sm−1p

m−1 + · · ·+ sn−1p
n−1 + σpn)v,

so that β(Bn) = valp(C
′). If we move sufficiently high on the principal stalk so that m = ⌊αu ⌋ ⩾

valp(u) + 1 = γ, then we have the equivalences:

β(Am) ⩾ γ ⇐⇒ C ≡ 0 (mod pvalp(u)+1) ⇐⇒ C ′ ≡ 0 (mod pvalp(u)+1) ⇐⇒ β(Bn) ⩾ γ.

Thus, if β(Am) ⩾ γ, then we also have β(Bn) ⩾ γ, and we attach a Hensel tree in both cases.
If β(Am) < γ, then we also have β(Bn) < γ, and the trunk stops at the end of the stalk of
thickness β in both cases.
Finally, in the case β < γ, after γ vertices after leaving the principal stalk, the value of β is
constant. Indeed, let

Ck = u0ρ
u + v0(s0 + s1p+ · · ·+ skp

k)v.

Since we assume β < γ, for k ⩾ γ we have

βk = valp(Ck) = valp(Cγ).

6.8. Decomposition of the Poincaré series

We have already seen two simple cases where the series is rational: (i) the case of an infinite
stalk of constant thickness u (Lemma 4.4), which produces a denominator p2 − T u, and (ii) the
case of a Hensel tree issued from the origin (Lemma 4.5), which produces a denominator p− T .

A. Series for the principal stalk and a particular case

The vertices of this principal stalk, of constant thickness u, yield the rational series (Lemma 4.4):

SA(T ) = 1 + A(T )
T

p2

(
1− T u

p2

)−1

where we set:
A(T ) = 1 + T + T 2 + · · ·+ T u−1.

We now consider the trunks encountered in this section. We will prove rationality by using
periodicity. We have seen that the exponent α defining P0 (or Q0) becomes, for the k-th successor
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Pk along the principal stalk, αk = α + k(v − u). Modulo u, this exponent is therefore periodic
with period (at most) u.
For any set E of vertices, we define Poinc(E) as the series of the values Ξs(T ) of the xylon
function for all the elements s of E. In this language SA(T ) = Poinc(PrincStalk).
We define the starred trunk Trunk∗k as the set of vertices whose most recent ancestor on the
principal trunk at height k, i.e. the set of branches leaving the principal trunk is at height k.
Formally this is the set of the vertices (r, s, j) of the trunk such that (0, 0, k) ◁ (rk+1, sk+1, k+1) ◁
(r, s, j) where (rk+1, sk+1) ̸= (0, 0).
The Poincaré series of the whole trunk is:

S(T ) = SA(T ) +
+∞∑
k=0

Poinc(Trunk∗k).

In this expression, none of the starred trunks Trunk∗ can contain infinitely many (maximal)
Hensel trees, nor an infinite stalk of thickness ⩾ 2 (because we have build independent infinite
constant stalks in paragraph 6.1). It follows that each series Poinc(Trunk∗) is either a polynomial
or a rational function whose only possible non-constant denominator is p− T .
The case v = u, that is P0(x, y) = xuU(x)+pαyuV (y), is a special situation for which the general
method used when v > u is not relevant. We therefore state a specific proposition for this case.

Proposition 6.3. In the case P0(x, y) = xuU(x)+ pαyuV (y), the Poincaré series of the polyno-
mial is a rational function.

Proof. In this case, each successive transform Pk(x, y) of P0(x, y) has the form Pk(x, y) =

xuU(pkx)+pαyuV (pky), which is essentially stable. It follows that all the starred trunks Trunk∗k
are isomorphic to one another. Ignoring their initial level, they therefore have the same Poincaré
series, say H(T ), which is a rational function by the previous remark.
From the earlier relation we obtain Poinc(Trunk∗k) =

Tku

p2k
H(T ). Using this identity, we deduce

S(T ) = SA(T ) +
+∞∑
k=0

T ku

p2k
H(T ) = SA(T ) +

(
1− T u

p2

)−1

H(T ),

which proves the proposition and, in particular, Proposition 6.1 in this case. □

From now on, we assume that v > u. In this case, in the formula above S(T ) = SA(T ) +∑+∞
k=0 Poinc(Trunk

∗
k), we decompose the second summand as

u−1∑
k=0

∑
l⩾0

Poinc(Trunk∗k+lu).

To prove the rationality of S(T ), it is sufficient to prove the rationality of each series∑
l⩾0

Poinc(Trunk∗k0+lu)

for k0 = 0, . . . , u− 1.
But we have already established that each series Poinc(Trunk∗k0+lu) is either a polynomial or a
rational function whose only possible denominator is p− T .
Consequently, in order to prove rationality, it suffices to show that there exists an integer L such
that

∑
l⩾L Poinc(Trunk∗k0+lu) is rational. In other words, to prove rationality, we may assume

that we are at a sufficiently large level along the principal stalk.
We choose L any integer such that α + Lu(v − u) ⩾ γu, and set a = α + Lu(v − u). We will
prove the rationality of the Poincaré series for the polynomial P̃0 with this exponent a (instead
of the original P0 of exponent α) using the fact that a ⩾ γu (see parts D and E below). To this
end, we decompose the vertices into two sets: on one hand, the set of the interior vertices of all
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the starred trunks, with thickness u; on the other hand the terminal vertices of all these starred
trunks. In the case a%u ̸= 0, these vertices have thickness a%u; in the other case a%u = 0,
these terminal vertices may be either simple, or belonging to a Hensel tree.

B. Series for all interior vertices

Consider an interior vertex of an outgoing branch (among the p − 1 possible ones) of a starred
trunk Trunk∗(Plu). It is characterized by the integer l and another integer m which is the
distance between the vertex and the departure vertex of this starred trunk. The height of this
general vertex is k = lu + m, its thickness is t = u, and the value of the tree-top function is
φ = (lu+m)u.
Thus, the contribution of this vertex is:

Ξl,m(T ) =
Tφ−t+1

p2k
(1 + T + · · ·+ T u−1) =

T (lu+m)u−u+1

p2(lu+m)
(1 + T + · · ·+ T u−1).

At this height k = lu+m there are pm−1 vertices. The index m ranges from 1 to ⌊a+lu(v−u)
u ⌋ =

⌊ au⌋+l(v−u). By the xylon formula (Theorem 4.3), the Poincaré series is the sum of the Ξl,m(T ):

S(T ) =
∑
l⩾0

l(v−u)+⌊ a
u
⌋∑

m=1

pm−1Ξl,m(T )

=
(
1 + T + · · ·+ T u−1

)∑
l⩾0

l(v−u)+⌊ a
u
⌋∑

m=1

Tmu−u+1

pm+1

T lu2

p2lu

= A(T )
∑
l⩾1

l(v−u)∑
m=1

ξl,m + A(T )
∑
l⩾0

l(v−u)+⌊ a
u
⌋∑

m=l(v−u)+1

ξl,m,

where we have set A(T ) = 1 + T + · · ·+ T u−1 and ξl,m =
Tmu−u+1

pm+1

T lu2

p2lu
.

In the first summand, we write the Euclidean division m = q(v−u)+ r, with here 1 ⩽ r ⩽ v−u,
and then interchange the sums:

S1(T ) = A(T )
∑
l⩾1

∑
0⩽q⩽l−1

∑
1⩽r⩽v−u

ξl,m

= A(T )
∑
q⩾0

∑
l⩾q+1

∑
1⩽r⩽v−u

ξl,m

= A(T )
T

p2

∑
q⩾0

T qu(v−u)

pq(v−u)

∑
l⩾q+1

T lu2

p2lu

∑
1⩽r⩽v−u

T (r−1)u

pr−1

= A(T )B(T )
T

p2

∑
q⩾0

T qu(v−u)

pq(v−u)

∑
l⩾q+1

T lu2

p2lu
.

Here we have set

B(T ) = 1 +
T u

p
+

(
T u

p

)2

+ · · ·+
(
T u

p

)v−u−1

.
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Thus:

S1(T ) = A(T )B(T )
T

p2

∑
q⩾0

T qu(v−u)

pq(v−u)

T (q+1)u2

p2(q+1)u

∑
l⩾0

(
T u2

p2u

)l

= A(T )B(T )
T

p2

(
1− T u2

p2u

)−1∑
q⩾0

T u2

p2u

(
T uv

pu+v

)q

= A(T )B(T )C(T )

(
1− T u2

p2u

)−1(
1− T uv

pu+v

)−1

,

where we have set

C(T ) =
T u2+1

p2u+2
.

The second is, with m = k + l(v − u):

S2(T ) = A(T )
∑
l⩾0

l(v−u)+⌊ a
u
⌋∑

m=l(v−u)+1

ξl,m

= A(T )
∑
l⩾0

⌊ a
u
⌋∑

k=1

T (k+l(v−u))u−u+1

pk+l(v−u)+1

T lu2

p2lu

= A(T )

⌊ a
u
⌋∑

k=1

T uk−u+1

pk+1

 ∑
l⩾0

T luv

pl(u+v)

= A(T )D(T )

(
1− T uv

pu+v

)−1

,

with the polynomial D(T ) =
∑⌊ a

u
⌋

k=1
Tuk−u+1

pk+1 .

Conclusion: S(T ) = S1(T ) + S2(T ) ∈ Q(T ), with denominators p2u − T u2 and pu+v − T uv.
We have computed the series for a single outgoing branch; for all p − 1 outgoing branches, the
associated series is (p− 1)S(T ) ∈ Q(T ).

C. Series for terminal vertices, case u does not divide a

We now compute the series associated with the vertices in the case a%u ̸= 0. Thus, we count the
contribution of a terminal vertex of thickness a0 = a%u on each outgoing branch of the starred
trunk.
A terminal vertex is characterized by a single integer l: its height is k = lu + l(v − u) + ⌊ au⌋ +
1 = lv + ⌊ au⌋ + 1, its thickness is t = a0 = a%u, and the value of the tree-top function is
φ = (lv + ⌊ au⌋)u+ a0. For this vertex:

Ξl(T ) =
T luv+⌊ a

u
⌋u+1

p2(lv+⌊ a
u
⌋+1)

(1 + T + · · ·+ T a0−1).
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All the pl(v−u)+⌊ a
u
⌋ terminal vertices (for one branch issued from the principal trunk among the

p− 1 possible ones) give rise to the following series, which is indeed rational:

S(T ) =
∑
l⩾0

pl(v−u)+⌊ a
u
⌋ Ξl(T )

=
(
1 + T + · · ·+ T a0−1

)∑
l⩾0

T luv+⌊ a
u
⌋u+1

p2(lv+⌊ a
u
⌋+1)−(l(v−u)+⌊ a

u
⌋)

=
(
1 + T + · · ·+ T a0−1

)T ⌊ a
u
⌋u+1

p⌊
a
u
⌋+2

∑
l⩾0

(
T uv

pu+v

)l

=
(
1 + T + · · ·+ T a0−1

)T ⌊ a
u
⌋u+1

p⌊
a
u
⌋+2

(
1− T uv

pu+v

)−1

.

The denominator is pu+v − T uv.

D. Series for the case u divides a, with terminal vertex

Here we use the notations of Section 6.6 and the results of Section 6.4. With these notations, we
consider the case 0 < β < γ (if β = 0 there is no terminal vertex). We have a computation very
similar to the previous case. We have seen that γ vertices after leaving the principal stalk, the
value of β becomes constant. We thus group the terminal vertices of thickness β into packets of
pl(v−u)+⌊ a

u
⌋−γ terminal vertices (here we use that ⌊ au⌋ ⩾ γ).

S(T ) =
∑
l⩾0

pl(v−u)+⌊ a
u
⌋−γ Ξl(T )

=
(
1 + T + · · ·+ T β−1

)∑
l⩾0

T luv+⌊ a
u
⌋u+1

p2(lv+⌊ a
u
⌋+1)−l(v−u)−⌊ a

u
⌋+γ

=
(
1 + T + · · ·+ T β−1

) T ⌊ a
u
⌋u+1

p⌊
a
u
⌋+γ+2

∑
l⩾0

(
T uv

pu+v

)l

=
(
1 + T + · · ·+ T β−1

) T ⌊ a
u
⌋u+1

p⌊
a
u
⌋+γ+2

(
1− T uv

pu+v

)−1

.

E. Series for the case u divides a, with Hensel trees

This occurs only when u divides a. First, recall the generalization of Lemma 4.5 for a Hensel tree
not attached to the root but to a vertex of height k and with tree-top value φ (with n variables):

Sk,φ(T ) =
Tφ

pnk

(
1− T

p

)−1

.

Again we we use the notations of Section 6.6 and the results of Section 6.4. The vertices where
the Hensel trees are attached have height k = lu+ l(v − u) + ⌊ au⌋+ 1 = lv + ⌊ au⌋+ 1 at a vertex
where the thickness is t = γ, and tree-top value φ = (lv+⌊ au⌋)u+γ. We have seen that, γ vertices
after leaving the principal stalk, the value of β becomes constant. There are pl(v−u)+⌊ a

u
⌋−γ such

vertices (for one branch issued from the principal trunk, here we use that ⌊ au⌋ ⩾ γ), so the total
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contribution of these Hensel trees is:

S(T ) =
∑
l⩾0

pl(v−u)+⌊ a
u
⌋−γ T

luv+⌊ a
u
⌋u+γ

p2(lv+⌊ a
u
⌋+1)

(
1− T

p

)−1

=

(
1− T

p

)−1 T ⌊ a
u
⌋u+γ

p⌊
a
u
⌋+γ+2

∑
l⩾0

(
T uv

pu+v

)l

=

(
1− T

p

)−1 T ⌊ a
u
⌋u+γ

p⌊
a
u
⌋+γ+2

(
1− T uv

pu+v

)−1

.

This is once again a rational fraction with denominators p− T and pu+v − T uv.
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Appendix A. Example P (x, y) = x2 − y3

The goal of this appendix is to illustrate the results of the previous sections with the example
P (x, y) = x2 − y3, where p > 2 is a prime number. In particular, we compute the trunk of P ,
its Poincaré series, and the first values Ne for the number of solutions of x2 − y3 ≡ 0 (mod pe).
We recover the same results as those obtained by Denef’s formula [14].
We follow step by step the method of Section 6, which will allow us to make the series S(T )

completely explicit.

A.1. Preliminaries

Let us make the following remarks, which we will need later:

– For every prime p, the congruence x2−y3 ≡ 0 (mod p) has p solutions. They are obtained
via the parametrization (t3, t2) for t ∈ J0, p− 1K.

– It is known that there are p−1
2 elements y ∈ Z/pZ \ {0} that are squares modulo p.

– Finally, y3 is a square modulo p if and only if y is. A proof using the Legendre symbol
is: (y

3

p ) = +1 ⇐⇒ (yp )
3 = +1 ⇐⇒ (yp ) = +1.

As in Section 6, we compute the trunk (see the figures on the following pages) and we partition
this trunk with an explicit computation of the series associated with each piece.

A.2. Principal stalk

Above (0, 0), there is an infinite stalk whose vertices have thickness t = 2. We denote by
Pk(x, y) = x2 − pky3 the k-th successor of P for the root (0, 0).
Let us compute the Poincaré series SA(T ) associated with this stalk via the xylon formula 4.3.
The vertices are indexed by their height k ⩾ 0. For k > 0 the tree-top value is φ = 2k, and the
thickness is t = 2. We also refer to Lemma 4.4. Thus:

SA(T ) = 1 +
∑
k>0

Ξk(T ) = 1 +
∑
k>0

T 2k−1

p2k
(1 + T )

= 1 + (1 + T )
T

p2

∑
k⩾0

(
T 2

p2

)k

= 1 + (1 + T )
T

p2

(
1− T 2

p2

)−1

=
p2 + T

p2 − T 2

A.3. Other branches from the root

We now consider the nonzero roots of P (x, y) ≡ 0 (mod p). We have seen that there are p − 1

nonzero solutions (ri, si) (their exact values depend on p, but not their number). These branches
must be studied separately since, in the language of Section 6, they are not “sufficiently high on
the trunk”. For such a nonzero root (r, s), we have:

P (r + px, s+ py) = (r + px)2 − (s+ py)3 = r2 − s3 + 2rpx− 3s2py + · · ·

We know that p | r2 − s3. For p > 2, we have p2 ̸ | 2rp, hence the thickness is t = 1. The
successor is

Q1(x, y) =
r2 − s3

p
+ 2rx− 3s2y + · · · .

Since the coefficient of x is nonzero modulo p, we are in the situation of Hensel’s lemma. Con-
clusion: to each of the p− 1 nonzero roots of P , we associate an outgoing branch from the root,
which is in fact a Hensel tree.
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Each of these trees is attached at height k0 = 1 and with tree-top value φ0 = 1. We apply p− 1

times the shifted version of Lemma 4.5:

SB(T ) = (p− 1)
Tφ0

p2k0

(
1− T

p

)−1

=
(p− 1)T

p(p− T )
.

Remark: the notation for the series SB(T ), SC(T ), . . . is slightly different here from that of
Section 6.

A.4. Branches from an odd height

See Figure 3. We start with height 1 and P1(x, y) = x2−py3: the nonzero roots of P1(x, y) ≡ x2

(mod p) are the (0, s) with s ∈ J1, p − 1K. For one of these roots, we have P1(0 + px, s + py) =

pQ1(x, y) with Q1(x, y) = px2 − (s + py)3. Thus each root has thickness t = 1. But then
Q1(x, y) ≡ s ̸≡ 0 (mod p), and the trunk stops there. Conclusion: the branches (other than the
principal stalk) issued from the vertex of height 1 consist of p− 1 terminal vertices of thickness
1.

More generally, for a vertex of height k = 2l + 1, the polynomial is Pk(x, y) = x2 − pky3. We
always exclude the root (0, 0). The structure of the outgoing branches is as follows:

– p−1 outgoing branches from the vertex of height k (there would be p in total if we added
the branch of the principal stalk), which lead to p− 1 vertices of thickness 2.

– From each of these vertices are attached p vertices of thickness t = 2, to which are
attached p vertices of thickness t = 2, and so on, up to height k + l.

– From each of the vertices of height k + l are attached p vertices of thickness t = 1, and
the trunk stops there.

We call the partial trunk the sub-trunk consisting of the vertices of thickness 2, and we then
study the contribution of the terminal vertices (of thickness 1).
We compute the contribution of the partial trunk (odd case) for each of the p − 1 outgoing
branches. A vertex on such a branch is indexed by (l,m), where 2l + 1 is the height of the
attachment point on the principal stalk and m is the distance from this attachment point (with
1 ⩽ m ⩽ l). Thus the height of the vertex is k = (2l + 1) +m, and φ = 2k with t = 2. For a
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fixed index m there are pm−1 vertices.

S̃C(T ) =
∑
l>0

l∑
m=1

pm−1Ξl,m(T ) =
∑
l>0

l∑
m=1

pm−1T
φ−t+1

p2k
(1 + T )

= (1 + T )
∑
l⩾1

l∑
m=1

T 4l

p4l
T 2m+1

pm+3

= (1 + T )
∑
m⩾1

∑
l⩾m

T 4l

p4l
T 2m+1

pm+3

= (1 + T )
∑
m⩾1

T 2m+1

pm+3

T 4m

p4m

∑
l⩾0

T 4l

p4l

= (1 + T )
∑
m⩾1

T 6m+1

p5m+3

(
1− T 4

p4

)−1

= (1 + T )
T 7

p8

(
1− T 6

p5

)−1(
1− T 4

p4

)−1

=
p(1 + T )T 7

(p4 − T 4)(p5 − T 6)
.

Summing over the p− 1 branches gives:

SC(T ) = (p− 1)S̃C(T ) =
p(p− 1)(1 + T )T 7

(p4 − T 4)(p5 − T 6)
.

It remains to compute the contribution of the terminal vertices. There are pl of them, at height
k = 3l + 2, with φ = 6l + 3 and t = 1.

S̃D(T ) =
∑
l⩾0

plΞl(T ) =
∑
l⩾0

pl
Tφ−t+1

p2k
(1)

=
∑
l⩾0

T 6l+3

p5l+4
=

T 3

p4

(
1− T 6

p5

)−1

.

Summing over the p− 1 branches gives:

SD(T ) = (p− 1)S̃D(T ) =
p(p− 1)T 3

p5 − T 6
.

A.5. Branches from an even height

See Figure 4. We consider a vertex of the principal stalk of height k = 2l with l > 0.
Let us start with height 2 and P2(x, y) = x2 − p2y3. The roots modulo p, other than (0, 0),
are the (0, s) with s ∈ J1, p − 1K. Each root (0, s) has thickness t = 2 and has successor
Q1(x, y) = x2 − (s+ py)3.
We now focus on Q1(x, y), with s fixed. Since Q1(x, y) ≡ x2 − s3 (mod p), we discuss according
to whether s3 is a square modulo p:

– if s is not a square modulo p, then neither is s3, and thus Q1(x, y) ≡ 0 (mod p) has no
solutions. The trunk stops there. This happens for p−1

2 nonzero values of s that are not
squares.

– if s ̸= 0 is a square modulo p, then s3 is also a square. In this case Q1(x, y) ≡ 0 (mod p)

has 2p solutions (r′1, s
′) and (r′2, s

′), with two possible values for the first coordinate
(r′2 = −r′1) and s′ ∈ J0, p− 1K arbitrary. Fix such a solution (r′, s′). Then

Q1(r
′ + px, s′ + py) = r′2 − s3 + 2pr′x+ · · ·
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This is therefore a vertex of thickness t = 1, and indeed a Hensel configuration. Conclu-
sion in this case: from the principal stalk there branch off p−1

2 vertices of thickness t = 2.
To each of these vertices are attached 2p Hensel trees.

Conclusion: there are p− 1 outgoing branches from the vertex of height 2: half lead to terminal
vertices of thickness 2; the other half lead to vertices of thickness 2 to which, for each such vertex,
2p Hensel trees are attached.

Remark: for this example there are no vertices of Case D of Section 6. Indeed we assumed u = 2

and p > 2, hence valp(pu) = 1. Thus for γ = valp(pu), there is no β satisfying 0 < β < γ.

More generally, for a vertex of the principal stalk of height k = 2l (with l > 0), the polynomial
is Pk(x, y) = x2 − pky3, and we exclude the root (0, 0) from the discussion. We denote by (0, s)

with s ∈ J1, p− 1K the roots of Pk. The structure of the outgoing branches is as follows:

– p − 1 outgoing branches from the vertex of height k (there would be p in total if we
counted the branch of the principal stalk), which lead to p− 1 vertices of thickness 2.

– From each of these vertices are attached p vertices with t = 2, to which are attached p

vertices with t = 2, and so on, up to height k + l.
– For the end of the partial trunk:

– for half of these vertices of height k + l, the partial trunk stops there: these are the
vertices arising from a branch where s is not a square modulo p,

– for the other half, to each of these vertices of height k + l are attached 2p Hensel
trees: these are the vertices arising from a branch where s is a square modulo p.

The contribution of the partial trunk (even case) for the p− 1 outgoing branches is very similar
to the odd case. A vertex of the partial trunk is indexed by (l,m) with height k = 2l + m,
φ = 2k, t = 2. For a fixed index m, there are pm−1 vertices.

SE(T ) = (p− 1)
∑
l>0

l∑
m=1

pm−1Ξl,m(T )

= · · ·

= (p− 1)(1 + T )
T 5

p6

(
1− T 4

p4

)−1(
1− T 6

p5

)−1

=
p3(p− 1)(1 + T )T 5

(p4 − T 4)(p5 − T 6)
.

It remains to compute the contribution of the Hensel trees, for the p−1
2 outgoing branches asso-

ciated with an s that is a square modulo p (for the other branches the trunk is limited to the
partial trunk).
For the height k = 2l of the attachment vertex, there are thus p−1

2 outgoing branches. For each
of these branches, there are pl−1 vertices at the end of the partial trunk, and at each such vertex
2p Hensel trees are attached. These Hensel trees are attached at height k0 = 3l+1 with tree-top
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value φ0 = 6l + 1. Thus:

SF (T ) =
p− 1

2

∑
l>0

pl−1(2p)
Tφ0

p2k0

(
1− T

p

)−1

= (p− 1)

(
1− T

p

)−1∑
l>0

T 6l+1

p5l+2

= (p− 1)

(
1− T

p

)−1 T 7

p7

(
1− T 6

p5

)−1

=
(p− 1)T 7

p(p− T )(p5 − T 6)
.

A.6. The trunk of x2 − y3

Before drawing the trunk, let us first recall the trunk of a Hensel tree. In what follows, we will
symbolize such a Hensel tree by the notation H .

.

. . .

. . . . . . . . .

# = p

# = p2

Figure 1. A Hensel tree for n = 2 variables, drawn here for p = 3. From each
vertex there are p outgoing branches. All vertices have thickness 1.

We now depict the trunk of P0(x, y) = x2− y3 up to height 3. For a terminal vertex of the trunk
(that is, one having no successor), we sometimes add the symbol ∅ above the vertex in order to
clarify the diagram.
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.

.t = 2

.t = 2

.t = 2

H H

· · ·
# = p− 1

t = 1.∅ .∅
· · ·

# = p− 1

.∅t = 2 .t = 2

· · · · · ·
# = p−1

2 # = p−1
2

H H H H H H

· · ·
# = 2p

Figure 2. The trunk up to height 3. The drawing is for p = 3. The dotted parts
and the numbers of branches correspond to the cases p > 3.

To obtain the complete trunk, one must understand the branches attached to the principal stalk.
We start by representing the branches attached to a vertex of odd height.
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.k0 = 2l + 1

main stalk

· · ·
# = p− 1

∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

.

. . .

. . . . . . . . .

...........................

# = p

# = p2

# = pl

t = 1

l + 1

Figure 3. A branch attached to a vertex of odd height 2l + 1 of the principal
stalk. There are p− 1 such outgoing branches from this vertex. The branches are
finite and stop at height 3l+2. All vertices have thickness 2, except the terminal
vertices, which have thickness 1.

The branches attached to a vertex of even height split into two cases, according to whether the
corresponding integer is a square modulo p or not.
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.
k0 = 2l

main stalk

· · ·
# = p−1

2

· · ·
# = p−1

2

∅ ∅ ∅∅ ∅ ∅∅ ∅ ∅

.

. . .

. . . . . . . . .

# = p

# = pl−1

...

l

H×2p
H×2p

H×2p
H×2p

H×2p
H×2p

H×2p
H×2p

H×2p

. . .

. . . . . . . . .

case of squares modulo p case of non-squares modulo p

Figure 4. Two branches attached to a vertex of even height 2l (with l > 0) of the
principal stalk. On the right, there are p−1

2 finite outgoing branches up to height
3l, corresponding to integers that are not squares modulo p; all their vertices
have thickness 2. On the left, there are also p−1

2 outgoing branches corresponding
to nonzero integers that are squares modulo p; the vertices up to height 3l have
thickness 2, and on each of the pl−1 vertices at height 3l are attached 2p Hensel
trees.

A.7. The Poincaré series of x2 − y3

The Poincaré series S(T ) of P (x, y) = x2−y3 for p > 2 is the sum of the Poincaré series computed
for each part of the trunk:

S(T ) = SA(T ) + SB(T ) + SC(T ) + SD(T ) + SE(T ) + SF (T ).

After computation, we finally obtain a rather simple fraction:

S(T ) =
p6 + (p4 − p3)T 2 − T 6

(p− T )(p5 − T 6)
.

This formula is also valid for p = 2. It is indeed the same formula as the one obtained in [14].
If we expand this fraction as a power series, we obtain:

S(T ) = 1 + 1
pT +

(
2
p2

− 1
p3

)
T 2 +

(
2
p3

− 1
p4

)
T 3 +

(
2
p4

− 1
p5

)
T 4

+
(

1
p5

− 1
p6

)
T 5 +

(
1
p5

+ 1
p6

− 1
p7

)
T 6 +

(
1
p6

+ 1
p7

− 1
p8

)
T 7 + · · ·

A.8. The number of solutions

By identifying the coefficients of S(T ) with those in the definition S(T ) =
∑

e⩾0
Ne
p2e

T e, we obtain
the number of solutions of

x2 − y3 ≡ 0 (mod pe).
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We thus find:
N1 = p N5 = p10

(
1
p5

− 1
p6

)
N2 = p4

(
2
p2

− 1
p3

)
N6 = p12

(
1
p5

+ 1
p6

− 1
p7

)
N3 = p6

(
2
p3

− 1
p4

)
N7 = p14

(
1
p6

+ 1
p7

− 1
p8

)
N4 = p8

(
2
p4

− 1
p5

)
· · ·

For example, for p = 5, we obtain:

N1 = 5 N5 = 5625

N2 = 45 N6 = 90 625

N3 = 225 N7 = 453 125

N4 = 1125 · · ·
These are values Ne that can be checked by computer by enumerating all solutions when e is
small. For larger e, the Poincaré series allows one to compute Ne efficiently. For example, still
for p = 5 and for e = 10, among the p2e = 95 367 431 640 625 possible pairs (x, y), the number of
solutions of

x2 − y3 ≡ 0 (mod 510)

is
N10 = 95 703 125.
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